In models with Large Extra Dimensions the smallness of neutrino masses can be naturally explained by introducing gauge singlet fermions which propagate in the bulk. The Kaluza-Klein modes of these fermions appear as towers of sterile neutrino states on the brane. We study the phenomenological consequences of this picture for the high energy atmospheric neutrinos. For this purpose we construct a detailed equivalence between a model with large extra dimensions and a (3 + n) scenario consisting of three active and n extra sterile neutrino states, which provides a clear intuitive understanding of Kaluza-Klein modes. Finally, we analyze the collected data of high energy atmospheric neutrinos by IceCube experiment and obtain bounds on the radius of extra dimensions.
I. INTRODUCTION
The large extra dimension (LED) model has been introduced and motivated as a solution to hierarchy problem [1] [2] [3] , that is the huge difference between the Planck and weak scales.
The basic idea is the confinement of the Standard Model (SM) particles on a brane embedded in the bulk space (that is the space including the extra dimensions), except the graviton which can propagate into the bulk [4] . In this scenario the fundamental Planck scale in the bulk is suppressed down to the weak scale by the volume of extra dimension space and so there is no hierarchy problem anymore.
In the same scenario, the same idea has been proposed to explain the smallness of neutrino masses [5, 6] . In fact, the mechanism of confinement of SM particles on the brane relies on the gauge flux conservation which necessitate that just singlets under the SM gauge symmetry can propagate into the bulk. Thus, in principle, in addition to the graviton, the hypothesized right handed neutrinos can also live in the bulk and consequently the volume suppression explains the small neutrino masses. However, Kaluza-Klein (KK) expansion of the right handed neutrinos after the compactification of extra dimensions manifest towers of sterile neutrinos from the brane point of view which can dramatically affect the oscillation phenomenology of active neutrinos and have been studied extensively in the literature 1 [9, 10] . Although the majority of studies derive more and more stringent upper bound on the radius of extra dimensions, still, interestingly, with the current upper limit on the size of extra dimensions, the first KK mode sterile neutrino can have a mass O(1) eV which is in the ballpark of what is required for the interpretation of the recently observed anomalies in short baseline neutrino experiments and LSND/MiniBooNE experiments [11] . For instance, in this line, in [12] it is proposed that the reactor and gallium anomalies can be interpreted within the LED model.
In this paper we study an independent probe of the LED model by the use of high energy atmospheric neutrinos. During the past few years, the completed IceCube detector at the south pole collected a high statistics sample of atmospheric neutrino data with energies > 10 GeV, which actually play the role of background for astrophysical/cosmic neutrino searches that IceCube is intended to do. However, these background data provide a unique 1 For possible signatures of bulk KK modes at colliders and also their impact on the lepton number violating processes see [7] . A review of the collider signatures is given in [8] .
opportunity to probe new physics scenarios with unprecedented precision, and has been already used to probe sterile neutrinos [13] [14] [15] [16] , violation of equivalence principle [17] , nonstandard neutrino interactions [18] and matter density profile of the Earth [19] . In this paper we study the signature of LED model in high energy atmospheric neutrinos and, by analyzing the data sets IC-40 [20] and IC-79 [21] , we show that it is possible to constrain the radius of extra dimension to < 4 × 10 −5 cm (at 2σ C.L.). Also, we estimate the sensitivity of
IceCube to the LED model after taking into account the energy information of collected data and show that the favored region of parameter space by reactor and gallium anomalies [12] can be excluded by IceCube data.
From the brane point of view the KK modes of LED model resemble a series of sterile neutrino states with increasing masses. The Earth's matter density induce resonant conversion of active neutrinos to these sterile states, which the rate of conversion depends on the energy and zenith angle (θ z ) of atmospheric neutrinos. Phenomenologically, these signatures are similar to the signatures of (3 + n) scenarios consisting of three active neutrinos and n sterile states with mixing pattern determined by various mixing angles. We elaborate on this similarity and establish a detailed equivalence between them.
The paper is organized as follows: In Section II we explain the formalism of LED model and the matter effects of the Earth on the KK modes. In Section III we calculate the flavor oscillation probabilities of high energy atmospheric neutrinos in the LED model. Then in Section IV we establish the equivalence between the LED and (3 + n) models. Section V is devoted to the analysis of the data of IceCube. We summarize our conclusions in Section VI.
II. MATTER EFFECTS ON NEUTRINO PROPAGATION IN LARGE EXTRA DIMENSIONS MODEL
In this section we study the propagation of neutrinos in matter in the LED model.
Our aim is to investigate the Earth's matter effects on the propagation of high energy atmospheric neutrinos in the presence of Kaluza-Klein modes. The collected data of high energy atmospheric neutrinos by the IceCube detector provides a unique opportunity to search for these effects and so to probe the LED model. 
In this equation Γ A (A = 0, . . . , 4) are the Dirac matrices and (ψ iL , ψ iR ) are the Weyl components of the fermion Ψ i living in the 5-dimensional space (x µ , y). The first term of Eq. (1) is the kinetic term of ψ iL and ψ iR fields and the first term in bracket is the kinetic term of active neutrino fields ν iL . The last term is the Yukawa term with the coupling constant λ ij (with dimension (mass) −D/2 ) which gives the interaction of Ψ i fields in the bulk with the active neutrinos living on the brane y = 0 (we are assuming compactification on a Z 2 orbifold where ψ iL and ψ iR are odd and even under its Z 2 action, respectively; and so ψ iL (x, y = 0) vanishes.) The mixings of active neutrinos are parametrized with the PMNS matrix U through
where U → U * for antineutrinos. Without loss of generality, the Yukawa coupling matrix λ ij can be diagonalized by the above field redefinition and a corresponding redefinition of the bulk fields. After electroweak symmetry breaking and expansion of the ψ iR and ψ iL fields in terms of the Kaluza-Klein modes, the mass terms of action in Eq. (1) take the following form [5, 9] 
where ψ Let us define the following basis of fields:
and the combinations orthogonal to ν
iL which since they decouple from the system we ignore them. In this basis the mass terms in Eq. (3) can be written as
As can be seen the mass matrix M i is not diagonal and so we will call the basis of L i and R i as "pseudo-mass" basis.
The Schrödinger-like evolution equation of the whole physical states, that is the active neutrinos and the KK modes ν
iL , including the matter potentials (which in our case are induced by the Earth's matter) can be written in the pseudo-mass basis as (k = 1, 2, 3)
where X kj = α U * αk U αj V α , and
where n e and n n are the electron and neutron number density profiles, respectively. The same evolution equation applies to antineutrinos with the replacement X kj → −X kj .
An immediate interpretation of the set of evolution equations in Eq. (6) is that, from the brane (y = 0) point of view, the KK modes ν 
The active flavor neutrino states ν αL can be expanded in terms of the "true" mass basis as
where
is the 0n element of the matrix S i and we defined ν 
So the mass 2 of each state ν
i /R ED . The matrix elements S 
It can be shown that Eq. (9) has infinite number of solutions λ
where n < λ
Thus, the masses of KK modes ν (n) iL (n = 0) are increasing roughly as ∼ n/R ED , while the contribution of KK modes to the active flavor states (that is S 0n i ) decreases by increasing n (it can be shown that S
). The decrease of the active-sterile mixings by the increase of n means that the higher KK modes gradually decouple from the evolution equation in Eq. (6), and so for an experimental setup sensitive to a known energy range we need to consider only a finite number of the KK modes. In the following we discuss the number of KK modes that should be considered for the analysis of the IceCube atmospheric neutrino data.
In the high energy range (E ν 0.1 TeV) the Earth's matter effects dramatically change the oscillation pattern of atmospheric neutrinos in the LED model. The matter potentials modify the oscillation phases which lead to resonant conversion of the active neutrinos to the KK modes comprising the tower of sterile neutrinos with increasing masses. The resonance condition in the 2ν approximation of ν
system with the effective mixing angle denoted by ϑ n is
Due to the sign of V α for the Earth's matter (V e > 0, while V µ , V τ < 0), the resonance condition in Eq. (11) can be fulfilled for ν e ,ν µ andν τ ; which means that at energies satisfying the condition in Eq. (11) the ν e (ν µ/τ ) converts to the sterile flavor KK mode ν
sL ). The atmospheric neutrino flux at high energies is dominated by ν µ andν µ with the ν e andν e components suppressed at least by a factor of ∼ 20 [23] . Let us study the series of resonance energies from Eq. (11) . By increasing n, cos 2ϑ n → 1 and λ (n) i 2 ∝ n 2 ; so for the resonance energy of conversion to the n th KK mode we obtain
2 the resonance energy for core crossing trajectories ofν µ (that is cos θ z = −1) is 3 ∼ 2.5 TeV. Thus, the series of resonance energies for the atmosphericν µ conversion to the KK modes (assuming cos
For the neutrinos passing just the mantle (cos θ z −0.8) the resonance energies are
At high energies (E ν 0.1 TeV) in the standard 3ν framework the muon-flavor survival probability is P (ν µ →ν µ ) = 1; while, qualitatively from Eq. (12), in the LED model a series of dips exist at energies E res,(n) ν (n = 1, 2, . . .), which reflect the conversion ofν µ to the n th KK sterile states. The infinite number of resonance energies can be truncated at some n for two reasons: 1) by increasing n the resonance energy increases while the flux of atmospheric neutrinos decreases by the increase of energy
. So, the statistics at higher KK modes resonance energies are low and IceCube (or in general any neutrino telescope) would not be sensitive to these KK modes. 2)
By the increase of n the mixing between the active and the n th KK mode states decreases it means that at least ∼ 30 KK modes should be taken into account in the calculation of oscillation probabilities. On the other hand, IceCube is sensitive 5 to the active-sterile mixing 3 The MSW resonance energy from Eq. (11) is ∼ 4 TeV. However, for trajectories passing through the core of Earth the parametric resonance dominates at ∼ 2.5 TeV [25] . 4 The IC-79 data set consists of two high energy and low energy subsets [21] . For our analysis the high energy subset is relevant which its energy range is (0.1 − 10) TeV. 5 This is the sensitivity of IceCube from the analysis of zenith distribution of muon-track events. Adding the energy information improves the sensitivity by a factor of few for resonance energies 10 TeV [14] . We elaborate more on this in section V.
angles sin 2 2ϑ n 0.1 [13] . From Eq. (10) this sensitivity can be translated to (assuming
The "max" function in the above relation comes from the fact that if m and R ED from [10] into Eq. (13) we obtain n 3. Thus, practically very few KK modes contribute substantially to the oscillation pattern of the atmospheric neutrinos. In the above discussion we assumed that all the sensitivity of IceCube to the sterile neutrinos originate from the resonance region; while the interference terms in lower energies are also important and so a few more KK modes should be taken into account. As a conservative assumption, in the numerical calculations of the next section we consider n = 5 KK modes in the evolution equations.
III. NUMERICAL CALCULATION OF THE OSCILLATION PROBABILITIES
The oscillation probabilities of active neutrinos can be found by solving the set of evolution equations in Eq. (6). As we mentioned before, for the high energy atmospheric neutrinos which is our interest in this paper, the relevant channel is the survival probability P (ν µ →ν µ ), or more generally the oscillation probabilities of ν µ → ν α andν µ →ν α .
As we discussed and justified in section II, we consider n = 5 KK modes in our numerical driven by ∆m 2 atm and ∆m 2 sol are suppressed and the first KK mode is much heavier than the active neutrino states, the oscillation pattern is the same for both NH and IH and so we show the oscillation probabilities just for NH. Finally, in our numerical calculation, for the matter potential X kj in Eq. (6) we used the PREM model [24] . Figures 1a and 1c show the oscillation probabilities ofν µ →ν µ andν µ →ν τ , respectively. by the same equation. This procedure have been discussed in detail in [27] . However, in the region of parameter space where we are interested in (and also taking into account the current bounds), it can be shown that applying the mass relations to m (sin ϑ n ∝ 1/n). The ν µ → ν e andν µ →ν e oscillation probabilities are not shown since in both 3ν scheme and the LED model the matter potential V e suppresses oscillation and the oscillation probability is zero for E ν 0.1 TeV. The nonzero oscillation probabilityν µ →ν τ in Figure 1c , showing as peaks at the resonance energies, are due to theν τ −ν (n) s mixings (we will discuss it in section IV, see also [15, 28] ).
The oscillation probabilities for the trajectories passing the mantle (cos θ z −0. and R ED as in Figure 1 ) and the dips are less profound due to the absence of the parametric resonance for these trajectories.
In Figure 1 Let us briefly summarize the active-sterile mixing in the (3 + 3n) model. The mixing matrix in this scenario is a (3+3n)×(3+3n) unitary matrix W 3+3n which can be parametrized by (3n + 3)(3n + 2)/2 mixing angles 7 (we assume CP symmetry in lepton sector)
where the ordered product is defined as
, and R ij (θ ij ) is the rotation matrix in the ij plane by the angle θ ij . The active flavor states ν αL are related to the mass eigenstates ν j by
By identifying ν 
where α, β = e, µ, τ, s 1 , . . . , s 3n (the s i is the i th sterile flavor eigenstate). 7 Among the (3n + 3)(3n + 2)/2 mixing angles, 3n(3n − 1)/2 angles quantify the sterile-sterile mixings of the 3n sterile states. So, since the sterile states do not enter the charged current interactions these angles are not relevant in the phenomenology of active neutrinos on the brane. The potential matrix in Eq. (16) is given by
Since we are assuming n = 3 in (3 + 3n) scenario, in the comparison of the LED model with n = 5 KK modes the oscillation probabilities in both models should match up to the third KK mode and for higher KK modes deviations should appear.
Figures 2a and 2b show the oscillation probabilities P (ν µ →ν µ ) and P (ν µ →ν τ ), respectively. As can be seen in panel (a), the probabilities match up to the third KK mode; the same is in panel (b), although since the peaks are very small the deviation in higher KK modes is not visible. In panel (a) clearly the deviation can be seen for the fourth and fifth KK mode resonances. Now, with the equivalence we are discussing in this section, it is easy to understand the peak in panel (b). It originates from the nonzero value of (W 3+3n ) τ j , that is the mixing between ν τ and the sterile states. This effective conversion ofν µ →ν τ when (W 3+3n ) τ j = 0 has been already studied in the literature [15, 28] . In fact this effective conversion is the source of the sensitivity of cascade events in IceCube to θ 3,3+3n angles, which are poorly constrained by the current experiments (see the discussion in [15] ).
Although we discussed the equivalence between the LED model with n KK modes and (3 + 3n) scenario, this equivalence can be further simplified to (3 + n) scenario. As we mentioned in section II, for R ED 10 −4 cm even the first KK mode states are much heavier than the active neutrino states and so effectively the three states ν 
where U is the PMNS matrix and S (n) is a 3 × 3 diagonal matrix with the elements
3 ). For a fixed n ≥ 1 we can change the basis (ν 1L is proportional respectively to the first, second and third component of U S (n) (ν
3L ) T and the proportionality constant is given by the length of new basis. So, in the two-flavor system of ν α − ν sp the effective mixing angle is given by (for p ≥ 1) Figure 3 shows the corresponding effective active-sterile mixing angles of the (3 + 3) by the relative size of U αi (where α = e, µ and τ , respectively for ϑ en , ϑ µn and ϑ τ n ).
However, as far as m D 1 ∆m 2 atm these three peaks coincide and effectively one peak can 8 Notice that there are few percent uncertainties in this computation since we are approximating λ (n) i n; while more accurately λ We analyze two sets of the IceCube data, IC-40 [20] and IC-79 [21] , consisting of the muon-track events induced by atmospheric neutrinos respectively in the energy range (0.1 − 400) TeV and (0.1−10) TeV. These data sets provide the zenith distribution of events and so in our analysis we would consider just the integrated number of events over the energy. We will discuss later the improvements that can be achieved by adding the energy information of events. The number of muon-track events in the i th bin of zenith angle ∆ i cos θ z can be calculated by
where T is the data-taking period, 359 and 319 days respectively for IC-40 and IC-79; ∆Ω = 2π is the azimuthal acceptance of IceCube detector, Φ να is the atmospheric ν α flux taken from [23] and A ν eff is the neutrino effective area which for IC-40 and IC-79 we take respectively from [13] and [18] . Finally, the P (ν α → ν µ ) in Eq. (19) is the neutrino oscillation probability which is discussed in section III. Although the ν e andν e atmospheric fluxes at high energies are quite small, we consider them for the sake of completeness.
To confront the LED model with the IceCube data and probing the LED parameters, we define the following χ 2 function:
is the observed number of events in the i th bin of the zenith angle ∆ i cos θ z . Table I . Thus, the data of IceCube can be used to constrain the LED parameters. and R ED from reactor and gallium anomalies, respectively for NH and IH, taken from [12] . The brown dotted and purple double-dot-dashed curves show the sensitivity of KATRIN experiment to the LED parameters at 90% C.L., respectively for NH and IH, taken from [27] . Finally, the black solid curve shows the sensitivity of IceCube at 99% C.L. by anomalies at 2σ C.L., respectively for NH and IH, taken from [12] . The brown dotted and violet dashed curves show the sensitivity of KATRIN, at 90% C.L., respectively for NH and IH, taken from [27] . The black solid curve shows the sensitivity of IceCube to LED model at 99% C.L., assuming 3 times larger statistics than IC-79 and taking into account the energy information of events.
considering the energy information of events and assuming 3 times of IC-79 data, which is available now. In the following we discuss each of the components in Figure 4 and their implications. In fact the equivalence of the LED and the (3 + n) models, constructed in section IV, helps us to easily interpret Figure 4 .
Very concisely, the reactor [32] and gallium [33] anomalies are respectively the deficits in the number of events observed in the short baseline reactor and calibration of the solar neutrino experiments, which point to P (ν e (ν e ) → ν e (ν e )) = 1 over short distances that obviously cannot be accommodated in the standard 3ν scheme. These deficits can be interpreted in the (3 + n) scenario by the ν e − ν s mixing that leads to the oscillation of ν e andν e to the sterile neutrino states which escape from detection in the detectors [11] . Thus, reactor and gallium anomalies require ϑ en = 0 or in the simplest (3 + 1) scenario ϑ e1 ≡ θ 14 = 0. In a generic (3 + n) scenario the mixing angles ϑ en , ϑ µn and ϑ τ n are independent parameters that can take any value. On the other hand, the IceCube muon-track data is not sensitive to ϑ en angles. Also, as it is shown in [15] , IceCube cascade data is not sensitive to the values of ϑ en preferred by reactor and gallium anomalies. Thus, in a generic (3 + n) scenario for the interpretation of these anomalies, IceCube cannot provide an independent check. However, this is not the case in the LED model. For the LED model, all the angles in the equivalent (3 + n) scenario are inter-related and non-vanishing ϑ en lead to non-vanishing ϑ µn and ϑ τ n .
Thus, since the IceCube muon-track data can probe ϑ µn and ϑ τ n , it is possible to probe the LED interpretation of reactor and gallium anomalies which have been proposed in [12] . As can be seen from Figure 4 , the IC-40 and IC-79 data can exclude a part of the preferred region by these anomalies.
It is possible to probe the green and orange shaded regions in Figure 4 by considering the energy information of IceCube data. Since the energy information of IceCube data is not publicly available we estimate the sensitivity of IceCube assuming a data set 3 times the IC-79 data set (which already are collected). The sensitivity of IceCube to the sterile neutrinos after taking into account the energy information has been calculated in [14] . From the Figure 10 of [14] it can be seen that, by considering the energy information, IceCube can probe the sterile neutrino mixing sin 2 2ϑ µ1 0.02 for ∆m The other way of probing the regions preferred by reactor and gallium anomalies is the KATRIN experiment (the brown dotted and purple double-dot-dashed curves in Figure 4 ).
As can be seen, for both NH and IH cases, the KATRIN can completely exclude the green and orange shaded regions.
VI. CONCLUSIONS
An added bonus of the LED model is the explanation of small neutrino masses which can be achieved by introducing singlet fermions living in the bulk of extra dimensions. From the brane point of view these fermions constitute towers of sterile neutrinos with increasing masses (the so-called KK modes) that mix with the active neutrinos and so can affect the phenomenology of neutrino flavor oscillations. In fact, this picture can be favored due to the recent observed anomalies in the short baseline oscillation experiments which hint on the presence of one (or more) sterile neutrino state(s). On the other hand, the existence of these sterile neutrinos can significantly change the oscillation pattern of high energy atmospheric neutrinos observed by the IceCube experiment. In this paper we studied these effects and developed a framework to interpret them.
The mixing of the KK modes of the bulk fermions with the active neutrinos lead to resonant conversion ofν µ to the undetectable sterile neutrinos at high energies. The resonance originates from the matter effects (constant density MSW resonance) during the propagation of atmospheric neutrinos through the Earth and would lead to distortions in the zenith and energy distributions of muon-track events at the IceCube detector. IceCube has already published two sets of the atmospheric neutrino data (IC-40 and IC-79) and in this paper we analyzed them in the search of features predicted by the LED model. and is stronger: R ED 3 × 10 −6 (eV/m D 1 ) cm. These bounds can exclude some parts of the parameter space preferred by the reactor and gallium anomalies.
We have also discussed the prospect of improving the bounds by taking into account the energy distribution of muon-track events in the IceCube. We have shown that with a sample of data three times larger than the IC-79 data set (which is already collected by the IceCube detector from its completion at December/2010 till now) it would be possible to exclude the 2σ preferred region by the reactor and gallium anomalies.
As a tool for interpreting the obtained results in this paper, we developed an equivalence between the LED model and the phenomenological (3+n) scenarios which have been studied extensively in the literature. This equivalence provides a clear and intuitive picture of the oscillation pattern of atmospheric neutrinos in the LED model and have been used in this paper to explain the features obtained by the numerical calculations.
